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Opportunities 
for Redefining 

Unconventional Units
The authors describe the ways children redefined units with fractions for various tasks,  

including area and discrete models. 

Nicole M. Wessman-Enzinger and Kristina M. Hofer

We posed this situation to our fifth-grade students: Use 
only your physical circle model pieces and represent 
3/8 in at least three different ways. 

Using their circle model pieces, our students read-
ily represented 3/8 with three 1/8-pieces where one 
circle is the whole (see figure 1). Our students, exchang-
ing pieces, found a second representation using a 1/4-
piece and a 1/8-piece (see figure 1). But, how did they 

come up with the third representation? Take a moment 
and think about what the third representation could 
be—remember, use only physical circle model pieces 
(which typically do not include 1/16-pieces)! 

Indeed, it is a challenge—and even impossible with 
certain physical sets of circle models—if the unit or 
the whole remains one singular circle. By unconven-
tionally redefining the whole to be something other than 
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one circle (e.g., two circles, four circles, eight circles), 
the mystery of the third representation is revealed 
(see table 1). Although traditionally a singular circle is 
used as a unit (and even manipulatives are sold with 
the numbers 1/4 and 1/8 printed on the pieces), the unit 
does not have to be one circle. Students need opportu-
nities for redefining the whole in unconventional ways 
with fractions (Dixon et al. 2014; Petit et al. 2016). They 
will need this type of flexible thinking about wholes 
when they reason conceptually about fraction multipli-
cation and division. 

Part of thinking flexibly with fractions includes 
using multiple meaningful representations for the 
teaching and learning of fractions, which prompts 
deeper understanding and recognition of connections 
to procedures (Zhang, Clements, and Ellerton 2015). 
Within fraction instruction, various models are typi-
cally used—including area models (e.g., pattern blocks, 
circle models, fraction bars) and discrete models (e.g., 
sets of objects). Even when using a variety of mod-
els, students need opportunities to consolidate their 
conceptual knowledge about fractions through engag-
ing with these models deeply (Smith, Huinker, and 
Bill 2017) and extending them in nontraditional ways 
(Zhang, Clements, and Ellerton 2015).

Redefining the whole or unit in unconventional ways 
within fraction models is one such opportunity for 
going deep with mathematics. Redefining the whole in 

unconventional ways allows students to build their con-
ceptual understanding of fractions—even before stu-
dents begin multiplication or division with fractions. In 
our experiences of examining some mainstream cur-
ricula and teaching fractions, it seems that the impor-
tance of redefining the whole within fraction models is 
undervalued and underused. 

In this article, we point to the importance of rede-
fining the unit with fractions and highlight the ways 
that grade 5 students redefined their units unconven-
tionally with area and discrete models. We describe 
their conceptual accomplishments and flexibility in 
redefining the unit with a circle model task, a fruit 
image task, and a pattern block task. We hope that shar-
ing these tasks can also serve as inspiration for redefin-
ing units unconventionally in your own space. 

AREA MODEL WITH CIRCLE PIECES
Drawing on a traditional tool (circle pieces) and area 
model, we shared the example above with our stu-
dents. Due to the physical constraints of this model 
with using one circle as the whole (i.e., there are not 
1/16-pieces), there are only two ways to show 3/8 with 
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Two representations of 3/8 use one circle as the whole. 

Redefining the whole 
in unconventional ways 
allows students to 
build their conceptual 
understanding of 
fractions.
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one circle as the whole (see figure 1). Once our stu-
dents created those two representations in figure 1, 
they exhausted the ways in which 3/8 could be shown 
with their physical pieces and a singular circle as the 
whole; in this way, the task leveraged students’ think-
ing toward incorporating a nontraditional whole.

Each student in our grade 5 classes had an access 
point to this task (e.g., they could readily show 3/8 with 
the one fraction circle), but because of the nonroutine 
nature of the task, our students experienced significant 
challenges. They were determined to find an equiva-
lent fraction using one circle as their whole. Students 
overlaid other fractional circle pieces on top of three 
1/8-pieces, attempting to find equivalent fractions that 
took up the same area. Strongly attached to one circle 
as the unit, our students were willing to compromise 
the precision of taking up the same amount of area 
in order to maintain one circle as the whole. Our stu-
dents stated that the new pieces they used were “close 
to equivalent, but not exact.” For example, some of our 
students shared that 1/5 and 1/6 were equivalent to 3/8 
(see figure 2). Addressing this misconception, we asked, 
“Is it OK if we are using the same whole to have differ-
ent areas for 3/8?” 

Recognizing that the pieces in figure 2 did not cover 
the same area as the pieces in figure 1 motivated our 
students to keep thinking and exploring. Because we 
wanted to encourage the students’ perseverance through 
this challenging task, we also provided hint cards to 
groups that needed encouragement on this challenge 
(see figure 3). The students needed to work on the task 
for a set amount of time (we determined five minutes) 
before asking for a hint. About half of the groups created 
a different representation that used an unconventional 
whole or a whole other than one singular circle. 

We asked one of our students, Stella, to present her 
group’s representation to the whole class. Stella dis-
played a representation with two circles as the unit, with 
each individual circle partitioned into four pieces for a 
total of eight pieces between the circles, with three of 
those eight pieces covered up (see table 1). She justified 
that it could represent 3/8, explaining that two circles 
were now the whole and that because each circle was 
divided into four pieces, there were eight pieces in total, 
and three of those eight were covered. When asked what 
the unit or whole was for this representation, most stu-
dents clearly stated that Stella had redefined her whole 
as two circles. However, some students still stated that 
one circle was the unit, despite Stella pointing out the 
three parts of eight parts using two circles.

Stimulated by the new representation, students 
began to define the whole as other sizes, such as 4 cir-
cles or 8 circles (see table 1). Students used these newly 
defined wholes and created 8 pieces, in which 3 of them 
were covered. When using 8 circles as the whole, stu-
dents covered up 3 of the 8 circles. With 4 circles, stu-
dents split each circle into 2 pieces, creating 8 pieces in 
total, and covered up 3 of those 8 pieces. 

Fig. 2

A common student misconception was that 1/5 + 1/6 = 3/8 
because its area was close to 3/8.

Fig. 3

To encourage perseverance, we required that students work on the task 
for at least five minutes before requesting a hint card.
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Using 8 circles as a unit can be an area model with 
each of the circles of equal size; however, it can also 
be a discrete model with fractions. A discrete model 
focuses on the countable objects rather than the area of 
the objects. Next, we share a discrete model we used for 
promoting redefining the unit. 

DISCRETE MODEL WITH FRUIT IMAGE 
We chose to present our students with a discrete model 
in the fruit task below (see figure 4) because we wanted 
students to experience a model other than area. Also, 
we noticed that our students sometimes confounded 
discrete and area models in their justifications, and we 

Student Representations of 3/8 Part-Whole Area Justifications

Unit: 2 circles

If each of the 2 circles is partitioned into 4 equal-size sectors, 
there are 8 equal-size pieces in the whole. Therefore,  
3 of the yellow pieces represents 3/8 if 2 circles are the whole. 

Unit: 4 circles

If each of the 4 circles is split in half, then there are  
8 half-circles in the whole. Therefore, 3 of the red pieces 
represent 3/8 if 4 circles are the whole. 

Unit: 8 circles 

If 8 circles are the whole or unit, then the 3 blue  
circles represent 3/8. 

Table 1  Student Representations and Justifications of 3/8 When Redefining the Whole
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wanted to create intentional spaces for working with 
these two models. We provided pairs of students with 
paper copies of the set of fruit. We placed the following 
question up for the whole class: “How many different 
fractions can you represent for this image?” 

In an effort to determine how many different frac-
tions could be represented, our students worked with 
partners to generate as many different fractions as 
they could. In nearly all cases, our students covered 
their papers and white boards with numerous frac-
tions. After five minutes of working, the whole class 
came together and we shared the various fractions. We 
asked for as “many responses as we can find,” and then 
recorded our students’ various representations on a 
class anchor chart.

The grade 5 students commonly shared 4/8 and 1/2 
as fractions. Our students justified this by stating that 
there are 4 oranges and 8 apples (4/8) and this simpli-
fies to 1/2. As we recorded this on the anchor chart, we 
emphasized that this is a ratio definition of fraction, 
4 parts orange to 8 parts apples, or 1 orange for every 
2 apples. This fraction tended to be the first fraction 
constructed by our students; after they shared this, we 
explicitly asked for part-whole representations. 

Responding to this prompt, other common represen-
tations students shared included 4/12 and 8/12. Students 
explained that there were 12 fruits total and that 4 of  
the 12 fruits were oranges and 8 of the 12 fruits were 
apples. Another common representation a few students 
shared was 12/12. These students justified 12/12 or 1 
in this image in two ways: (1) there are 12 fruits on the 

page, 12 fruits out of 12 fruits; and (2) there are 12 stems 
on the pages, 12 stems out of 12 stems. 

We pointed out that their representations used cre-
ativity. Wanting to encourage our students’ consider-
ation of wholes or units other than the given image, 
we posed the following challenge to our students 
(see figure 5). Notice that in figure 5, 1 1/3 or 2 2/3 may 
only be represented in the fruit image with a unit dif-
ferent than the entire image! 

Although part (a) still draws on using the entire 
image as the whole, our students found part (a) of this 
challenge thought provoking. Despite having substan-
tial experiences with procedures and fractions, none of 
the students in our classes used a procedural justifica-
tion that 4/12 = 1/3 despite students determining 4/12 
first. However, some students remained connected to 
the ratio definition of a fraction with this image. One 
of our students, Otto, argued, “In the first and second 
row, you can see one orange and three apples.” Many 
of our students seemed satisfied with this justification. 
However, a few students stated that this does not work 
because the third row does not maintain the one orange 
and three apples ratio; it is two oranges and two apples. 
This was a convincing argument for some students. 

Our students who did not use the ratio argument 
justified 1/3 by circling groups of fruit. One way that 1/3 
can be made is by grouping the fruits into groups of 4 
or two groups of 2 (see figure 6). Students circled these 
groups of 4 differently—but many of them highlighted 
that the group of 4 oranges could be 1/3. Finding the 
1/3 in this challenge still uses the entire image as the 

Fig. 4 

We gave copies of this discrete model to grade 5 student 
pairs for the Fruit task.

Fig. 5

Despite substantial experiences with procedures and fractions as well 
as determining 4/12 first, no students used a procedural justification 
that 4/12 = 1/3 when challenged with part (a) of the Fruit task. Parts 
(b) and (c) supported redefining the whole as something other than 
the entire image on the page. 
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whole, which is how the unit is traditionally used with 
discrete models. 

Parts (b) and (c) of the challenge (see figure 5) sup-
ported redefining the whole as something other than 
the entire image on the page. Students did this readily 
with the discrete model, more so than they did with the 
circle model described previously (see figure 7). 

We were surprised after part (a) at how readily our 
students extended what they learned about justifying 
fractions to finding 1 1/3. In each of the classes, there 
were several students that justified 1 1/3 by highlight-
ing that a group of 3 oranges could be the unit. Not all 
of our students, even those who agreed 1 1/3 could be 
represented, articulated that the whole or unit was 3 
fruits. For closing this lesson, as a whole class we dis-
cussed how any image can have infinitely many repre-
sentations if we flexibly define the whole in different 
ways. In our own fruit problem, we represented several 
fractions: 1/2, 1, 12/12, 4/12, 8/12, and 1/3. But, we could 
keep doing this! What if the whole was 2 pieces of fruit 
or 4 pieces of fruit? And even the same numbers can 
be represented in different ways, such as 1 and 12/12 or 
4/12 and 1/3. 

AREA AND DISCRETE MODELS WITH  
PATTERN BLOCKS
Next, we decided to use a pattern block task: Create at 
least three representations of 5/12 using pattern blocks. 
Since we did not indicate the use of pattern blocks with 
the area or discrete model, students redefined the whole 

using both area and discrete models as they explored 
this task. With pattern blocks, the hexagon—a common 
whole used when area models are applied with pattern 
blocks in curricula—cannot be divided into 12 sections 
using the physical pieces because only 6 green triangles 
or 3 blue rhombi fit into it. Therefore, when applying an 
area model to pattern blocks, this task supported stu-
dents in redefining the whole as something other than 
one hexagon. Similarly, the discrete model is something 
our students gravitated toward in general, but it was 
not present in our curricula (especially not with pat-
tern blocks). Table 2 highlights ways that our students 
used and justified both the area and discrete models for 
determining representations of 5/12.

Fig. 6

Students found 1/3 in the set of fruits.

Fig. 7

Students found 1 1/3 in the set of fruits.

Fig. 8 

Our students commonly mixed up area and discrete models when 
representing 5/12.
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Student Representation of 5/12 Model Used Student Justifications

Area The whole is 6 hexagons. Splitting the hexagons 
in halves makes 12 pieces, and 5 of them have 
been covered. 

Area The whole is 2 hexagons. Each hexagon has 6 
equal parts using triangles, creating 12 sections 
in total. Overlaying a red trapezoid and 2 green 
triangles shows 5/12.

Area Four trapezoids are the whole. Each trapezoid 
is partitioned into three equal-size pieces by 
using triangles. Because 3 triangles fit into 
1 trapezoid, 12 triangles are an equivalent area 
to 4 trapezoids. Therefore, the 5 green triangles 
laid on top of 2 of the 4 red trapezoids represent 
5/12. 

Area Twelve green triangles fit into the whole length 
of the top figure (if 3 green triangles replace 
a red trapezoid). Five triangles of the 12 are 
illustrated below the top figure,  
to represent 5 pieces of 12. 

Discrete Although each of the 5 hexagons is split into 2 
equal parts with red trapezoids, the model is dis-
crete with 5 red hexagons out of 12 total hexa-
gons for illustrating 5/12. 

Discrete A group used a discrete model with a set with 12 
rhombi, with students explaining that 5 of the 12 
rhombi represented 5/12.

Note: Technically, this could be area because all 
the pieces are equally partitioned, but the stu-
dent focused on the number of objects rather 
than the area of the objects in the explanation. 

Table 2   Using Pattern Blocks to Correctly Represent and Justify 5/12 with Area 
and Discrete Models
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Although we highlight various correct represen-
tations in table 2, we will highlight a common mis-
understanding that our students had. In each of the 
classes, our students confounded area and discrete 
models in their representations. Figure 8 shows an 
image that two students created together. They justi-
fied that this is 5/12 because there are 12 total pieces 
that could be made into an area of 5 hexagons. On one 
hand, this represents 5/12 if the whole is 12 hexagons. 
On the other hand, our students justified “the part” 
using an area model (all the pieces made 5 hexagons) 
and “the whole” using a discrete model (with 12 pieces 
total). Many ideas like this surfaced in other classes. 
We asked our students, “Does it matter that exactly 
12 pieces were used?” 

One student, Margie, argued, “It does matter that 
12 pieces were used, otherwise those 5 hexagons could 
not be made.” Margie had a valid point; we kept probing 
the class because area and discrete models were being 
used simultaneously here. If using a discrete model and 
12 total pieces are the whole, then only 5 pieces (per-
haps 2 blue rhombi and 3 patterns blocks) should be the 
part. Or, if using the area model and 5 hexagons that 
are formed by the pieces as the part, then the whole 
should be 12 hexagons that are not shown. Margie 
eventually justified to the entire class that the whole for 
this area model on the right would have to be 12 hexa-
gons not shown. Our students’ confusion in mixing up 
discrete and area models provided space for compar-
ing and contrasting models, such as the fruit and circle 
model tasks presented above. 

CONCLUDING REMARKS AND SUGGESTIONS 
FOR TEACHING
Our grade 5 students redefined the whole in creative 
ways. We offer the following suggestions for incorporat-
ing unconventional wholes in your own classroom: 

1. Provide tasks that promote conceptual thinking 
about fractions with opportunities for redefining 
the whole.

2. Use traditional models in unconventional ways 
(e.g., a singular circle does not have to be the 
unit in the circle model). 

3. Support students in creating, justifying, and dis-
cussing their own invented wholes for fractions. 

In summary, flexibly redefining the whole or unit 
within fraction models in unconventional ways is a cru-
cial part of developing deep part-whole understandings 
of fractions. Consider the example we opened with: 

Represent 3/8 in three different ways with physi-
cal circle pieces. 

Without flexible wholes, using one circle as the whole, 
only two representations are possible. By redefining 
the unit unconventionally, our students are empow-
ered because of the many ways they can enter the tasks. 
Now, instead of just three representations, our students 
can create infinitely many representations. _
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